
 

 

 
Abstract—Two new analytical methods for solving 
diffraction problems in angular shaped regions are 
presented.  In the first  we introduce the  rotating 
waves in a Laplace domain; in the second the 
Wiener-Hopf  technique is generalized for dealing  
wedge problems  of arbitrary angles.  Both the 
methods work for impenetrable wedge and  
penetrable wedges.   
The rotating waves method constitutes an alternative 
and  possible more simple method of that  of 
Malyuzhinets.  Beside the theory,  we will deal 
applications concerning  the diffraction by 
isorefractive (or diaphaneous) wedges.  
The W-H technique is the most powerful method for 
dealing fields discontinuity problems. A 
generalization of this technique solves with success 
wedges of arbitrary angles. We will present this 
generalization and  some applications that  concern 
impenetrable wedges .   
 

I. INTRODUCTION 
 

There are many analytical methods for studying fields 
and waves in angular regions. The classic ones based on 
the eigenfunction expansions are described  in the 
masterly book of  Felsen and Marcuvitz [1]. 
Unfortunately  except particular cases these methods 
cannot be applied  to surface impedance wedge 
problems.  Among the specialized techniques it is well 
known the Maliuzhinets Method [2]. This method  is  
based on the Sommerfeld integral and it is very powerful 
for solving diffraction problems in wedge shaped 
regions. Its popularity and importance has increased in 
the course of time and it is well documented by the large 
number of papers recently published.   
The Maliuzhinets Method is not the only specialized 
method  for this class of problems. Alternatively there 
are the two methods  of  Peters [3] and  Williams [4]. 

The  Peters method is very ingenious. However it is 
based on  sophisticate analytical continuations that make 
it very involved and difficult to apply.  Even if Senior 
[5] used this method for solving the important problem 
of  imperfectly conducting wedges,  now  it is forgotten. 
Also the technique used by Williams is ingenious but it 
seems specialized to solve only the  imperfectly 
conducting wedge problem.   
Other more general methods are based on the  Wiener-
Hopf techniques and  the Kontorovich-Lebedev 
representations.  
The Wiener-Hopf technique is  the more important 
method  for  solving diffraction problems in presence of  
geometrical discontinuities. However there is  the  
conviction that, except for particular angles,  the  wedge 
problems cannot be  studied with Wiener-Hopf 
equations.   
The Kontorovich-Lebedev representations  has been  
used in the past for solving the PEC wedge and recently 
also the isorefractive wedges [6]. This representation 
may have some limitations and beside,  it is  closed 
related to Sommerfeld integral [7] and  the Fourier 
integral[ 1].  
Of course every of the previous methods presents 
advantage and disadvantages. To this author’s opinion  
the more powerful methods are those based on the 
Wiener Hopf techniques. Thus, a first motivation  of  his 
work was that of generalize this technique for dealing 
wedges of arbitrary angles [8a,b].  However this author 
encountered some difficulties when, after applied this 
new method on specific problem, he tried  to compare 
the Wiener-Hopf results with the ones obtained by the 
Maliuzhinets method. These difficulties derive by the 
use of two different spectral representations: unilateral 
Fourier Transform (or Laplace transform) in the Wiener-
Hopf technique and Sommerfeld functions in  the 
Malyuzhinets method. Moreover whereas Sommerfeld 
integrals introduces the complex angular spectrum w, the 
Fourier  integrals  introduce complex wave numbers  η.   
In order to overcome the difficulties of the comparison, 
this author matured the conviction that, for his purposes, 
it would have been more convenient to reformulate the 
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approach in the angular spectrum w,  by avoiding  from 
beginning Sommerfeld integrals. This can be 
accomplished  with the introduction of the concept of the 
rotating waves. Since he  believes it is interesting for 
further understanding of  the wave motion in angular 
regions,  the second  motivation of this paper is the 
exposition of this reformulation. 
 

II. ROTATING  WAVES METHOD 
A.  Rotating spectral waves. 
 
  Let’ consider  a  two-dimensional electromagnetic field 
Ez(ρ,ϕ),  Hρ(ρ,ϕ),  Hϕ(ρ,ϕ) in the arbitrary without 
source angular region 0≤ρ<∞,  ϕ1≤ ϕ ≤ϕ2, see Fig.1 .   

 
Fig.1.   angular  region 0≤ρ<∞,   ϕ1≤ ϕ ≤ϕ2    
 
Peters ([3], [9]) showed this important result: the 
function: 
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The more general solution of eq.(3) is: 
v(w,ϕ)= v1(w-ϕ)+ v2 (w+ϕ)                                          
(4)  
We define v1(w) (clockwise) and v2(w) 
(counterclockwise)  the rotating  waves in the angular 

region.  
Another important results [9] is that the Laplace 
transform of the radial component Hρ(ρ,ϕ) of the 
magnetic field: 
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is expressed in terms of rotating waves in the form: 
i(w,ϕ)= Yo{v1(w+ϕ)- v1(w-ϕ)}                                    (6) 
with Yo being  the admittance of the medium filling the 
angular region. 
It follows that the rotating waves express   the forward 
and the backward traveling waves of an uniform angular 
transmission line where the role of the time is assumed 
by the complex variable w. 
  

B. Properties of the  rotating  waves[9] 
 
Property a):  In absence of sources the analytical 
functions v1(w) and v2(w) are regular respectively in the 
strips  I1{ϕ1≤ Re[w] ≤ϕ2} and I2{-ϕ2≤ Re[w] ≤-ϕ1}  

Fig.2. Regularity region of v1(w) (////)  and v2(w)  (\\\\\) 
 
Property b): The functions v1(w) and   v2(w) are related 
in all the complex plane w by the reflection property:  
v1(w) =  -v2(-w)                                                          (7) 
 
Property c):  The functions v1(w+ϕ) and   v2(w-ϕ) are 
bounded as w⇒ ± j∞  for every ϕ: ϕ1≤ ϕ ≤ϕ2. This 
bounded values do not depend on ϕ : 
v1(± j∞ + ϕ ) = v1(± j∞ )    
v2(± j∞ - ϕ )  =  v2(± j∞ )                                           (8) 
 
Property d): 
If  the longitudinal field satisfies near the edge ρ=0 the 
condition Ez(ρ,ϕ)= O(ρc) with Re[c]>0, the rotating 
waves behave as v1,2(w)=O(exp(-c|Im[w]|) for w⇒ ± j∞.  
 
Property e): When the Sommerfeld integral does exist, 
the Sommerfeld function s(w) is related to the clockwise 
wave v1(w) through the equation: 
v1(w) =  - j s(w)                                                            (9) 
 
C. Presence of incident  plane waves                                                      
    
 Lets consider an incident    wave plane (Fig.3)  
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The Laplace transforms (2) and (5) and eq.s (1), (4) and 
(5) evaluated for ϕ=0, yield the following rotating waves 
relevant to the plane wave: 

( )

( )









−
−

=

−
+

=

o
o

oi

o
o

oi

E
w
wjwv

E
w
wjwv

)cos(cos2
sinsin

][

)cos(cos2
sinsin

][

2

1

ϕ
ϕ
ϕ
ϕ

                      (11)                        

 
For the presence of a far source at the direction ϕo 
(Fig.3), we observe in the regularity strip I1 (clockwise 
wave) the pole w=ϕo  and  in the regularity strip I2 
(counterclockwise wave)  the  pole w=-ϕo.   However 
also for these rotating waves properties b) and c) hold  
again.  In the following we will call with v1

i(w) and  
v2

i(w) the incident rotating waves.  

 



 

 
D. Presence of reflected, surface, leaky waves. 
  
 The homogeneous region considered in fig.1 may be 
bounded by other homogeneous  or not homogeneous 
regions. In their interfaces many kind of waves can be 
arisen [1]. From a mathematical point of view these 
waves constitute  poles or branch points in the η-plane. 
The mapping  η=-k cos w  induces  on the w-plane an  
infinite number of  images of  these points. The 
following  theorem [9]  has been showed :  
 The functions x1,2

s(w) defined by: 
x1,2

s(w)= x1,2(w)- x1,2
i(w)                                             

(12) 
 are always regular in the relevant regularity strips I1 and 
I2. This theorem if very important.  For instance, it 
implies that the (infinite)  poles  relevant to possible 
reflected waves are all suited  outside the strips I1 and I2. 
In the following we call scattered the rotating waves 
x1,2

s(w).  Another consequence of the theorem showed in 
[9] is that when the sources are plane waves and the 
angular  regions are bounded by impenetrable wedges 
(see for.example Fig.3), the scattered rotating waves are 
meromorphic functions of w.    
  
E .Formulation of the Maluyzhinets problem in terms of 
rotating waves 
 

 
Fig.3 . Impedance wedge problem 
 
The boundary conditions on an impedance wedge are 
defined by: 
Ez= ± Z± H

ρ
  in   ϕ= ± Φ.                                           (12)                 

where the  surface impedances Z± depends on the wedge 
material (Re.Z± ≥0). Introducing the Laplace transforms, 
the eq.s (12), in the w-domain, have the form: 
-v(w,±φ) = k sin w V+(η, ±φ)= 
 = ±k sin w Z± I+(η, ±φ)=±  sin w Z± i(w, ±φ)            (13)                                    
In terms of rotating wave the eq.s (13) become: 
v1(w± Φ ) + v2(wϒ Φ)=  
=ϒ[sin w /sin θ±] [v1(w± Φ) − v2(wϒ Φ) ]                 (14) 
with Z±=Zo/sin[θ±],   0≤ Re.θ±≤ π/2 
Taking  into account the properties b) and e), the eq.s 
(14) are identical to those found  by  Malyuzhinets for 
the Sommerfeld functions s[w]. We can use the 
Malyuzhinets method for solving these equations [2] and 
obtain:    
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where  : 

with ΨΦ(w) being the Malyuzhinets function. 
 
 

F. Solution of the functional equations 
 
 Like the Maliuzhinets method, the rotating waves lead  
to difference equation with constant or not constant 
coefficients. As indicated by Maliuzhinets, it turns 
useful in both the cases, to introduce Fourier Transform 
representations. For instance when the coefficients are  
constant, we defines for Re.t=0 and  φ1≤ ϕ≤ φ2   the 
following modified  Fourier transforms of the rotating 
waves: 
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It should be observed  that in general the rotating waves 
may be bounded but not vanishing for w→±j∞. 
Consequently we must define these Fourier transforms 
in the distribution space.   
The regularity of the scattered waves  yields the 
following transport theorem [9]   
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where φ1≤ ϕa,b≤ φ2. 
 Taking into account this theorem, the difference 
equations in the w- domain  yield  an algebraic system in 
the t-domain:  
P(t) X(t)=No(t),    Re.t=0                       
(17) 
where P(t) and  No(t) are known and the Fourier 
transform of the rotating waves  X(t)  is a tempered  
distribution vector defined on   Re.t=0. Solving the 
algebraic system (17) and performing the inverse 
transform in the distribution space yields the final 
formula:  
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where the integral is understood  to be a Cauchy 
principal value integral. 
 
F. Scattering of a wave plane by isorefractive wedges 
 
 The problem of diffraction of electromagnetic waves by 
a penetrable wedge has produced a multitude of studies , 
and yet the problem is  unsolved. In order to  have more 
insights  on the behaviour of penetrable wedges it is 
convenient to study the problem of the diffraction of 
isorefractive or diaphanous wedge.  The importance of 
this problem is due to the fact that it constitutes a 
dynamical penetrable  wedge problem that we can solve 
in closed form.  The solution of  isorefractive wedges 
has been accomplished in the past by using the 
Kontorovich-Lebedev transform [6] in the frequency 
domain and the Green function in the time domain [10]. 
Wiener-Hopf solution for the  right wedge are also 
available [11].   In this section  we solve this problem by 
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using the rotating waves method. This  approach  has 
two advantages. It  can deal with an arbitrary number of 
isorefractive wedges and it gives the solution in a form 
more suitable for evaluating both the near field and both 
the diffraction coefficients of the problem.  
Fig.4 shows the geometry of the problem. We have 
isorefractive angular regions 1 and 2 excited by an E- 
plane wave (with intensity Eo=1) polarized in the z-
direction. Let’s introduce the rotating waves  )(1 wvq  

and )(2 wvq   where the superscript q=1,2 indicates the 
relevant region.  By imposing the boundary conditions at 
the three interfaces ϕ=0 or ϕ=2π , ϕ=γ the following 
system of linear difference equations is obtained: 
 

Fig.4 : scattering by an isorefractive wedge 
-Interface ϕ=0 or ϕ=2π 
Electrical field matching: 
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Magnetic  field matching 
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-Interface ϕ=γ 
Electrical field matching: 
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Magnetic  field matching 
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 Applying  to the previous equations  the Fourier 
transforms (15) and taking into account the transport 
theorem (16) yield  algebraic equations involving these 
Fourier transforms. The solution of the system has been 
accomplished by using the  program MATHEMATICA. 
By indicating with  V1(t) the Fourier transform of the 
total rotating wave  )(1

1 wv , it yields [9]: 

                                                                                  (23) 
with γ1=2π- γ 
The inverse transforming of  eq.(23) is generally 
involved. It has been accomplished explicitly for the 
some selected cases   by using the residue theorem [9]. 
For the right wedge (γ= 3π/2) we  obtain [9]: 
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 ϕi = ϕo-π,   I=j                                                            (24) 
The asymptotic behavior for w⇒±j ∞ is given by: 
v1[w] = O(e-|Im.w|(1-c)) 
It yields the near edge behavior: 
Ez =O(ρ1-c),    Hr= O(ρ-c)  
This behavior is in accord with the static behavior of  a 
penetrable right wedge [11]. 
This expression (24)  coincides exactly with the Wiener-
Hopf solution obtained in [11]. Near and far field 
discussions have been reported in [11]. 
 

G .Conclusions 
 
It can be showed that the theory of rotating waves may 
be successful applied to all  the problems approached  by 
the Malyuzhinets method [9]. Comparing the two 
methods we ascertain many deep-routed analogies. 
However to this author’s opinion, the rotating waves 
present peculiar properties that simplify and make 
reliable their use for studying  wave problems in  angular 
regions. 
For instance  this author claims the following  facts must 
be appreciated: 
-the rotating waves are based on the introduction  of  
Laplace transforms and not on  the sometime not valid  
ansantz constituted by the Sommerfeld integral.  
- the Malyuzhinets nullification theorem [2] has been  
avoid. Sometime this theorem  may be misinterpreted.   
-We safely deal the  rotating waves  in more angular 
regions.  Instead we must be very careful if we used 
Malyuzhinets method in angular regions not defined by -
φ≤ϕ≤φ. 
-We can apply with trust the Fourier technique ideated 
by Malyuzhinets for solving difference  equations since 
the transport theorem is always valid for the scattered 
rotating waves. In addition  the distribution space  for 
solving the system in the Fourier domain assures the 
existence of  the involved Fourier transforms and 
integrals.       
-Many  difficulties present in  the Maliuzhinets method  
are overcame  when we use  the rotating waves. For 
instance in the section F we have solved (yet with many 
different angular regions) wave  problems involving 



 

isorefractive regions. Up to now these problems have not 
been solved by  the Maliuzhinets method.   
- Uniform transmission lines can be introduced for 
formulate wedge shaped problems.   
-  Rotating waves yield expressions that can be 
immediately compared with the Wiener-Hopf results. 
The presence of not isorefractive penetrable regions in 
general leads to very complicated functional equations 
involving rotating waves or Sommerfeld functions. Even 
if in the past some ingenious techniques have been 
ideated [12] for dealing particular cases, in this author’s 
opinion these geometries can be better studied  with 
generalized Wiener-Hopf techniques that  will be 
presented in the next section. 
 

III . WIENER-HOPF GENERALIZED TECHNIQUE 
A. Mathematical Introduction 

 
The more simple  system of  generalized W-H equations, 
is defined by: 
G(η)F+(η)= F-(m(η))+ Fi(η)                               (25)  
 
where F+(η) and  F-(m(η)) are respectively a plus 
function in  the η plane (i.e. regular in half plane 
Im[η]≥0)  and a minus function in  the m plane (i.e. 
regular in half plane Im[m]≤0)  and Fo(η) is a known 
function. If m[η]=η, eq.s (1) become classic W-H 
equations.  Even with m[η]≠η, eq.s (25) constitute a 
closed mathematical problem [8a]. For their solution we 
will used the same ideas introduced in the Wiener-Hopf 
technique.   
We remember that solution of the classic Wiener-Hopf 
equations is based on the decomposition- factorization of 
a generic η- function in  functions that are plus and 
minus (i.e. regular respectively in the half plane Im[η]≥0 
and Im[η]≤0).  Also for the eq.(25),  the concepts of 
decomposition and factorization constitute the key for 
their solutions.  However whereas the classic 
decomposition is explicitly  expressed by the Cauchy 
formulas,  the generalized decomposition is more 
difficult to obtain and leads to integral equations.   
 
-  Generalized decomposition 
The generalized decomposition of a function   F(η) (with 
respect m(η))  is defined by: 
F(η)= F+(η)+F-(m(η)                                                  (26) 
where the functions  F+(η) and F-(m(η)) are respectively 
a plus function in  the η plane(i.e. regular in the half 
plane Im[η]≥0)  and a minus function in  the m plane(i.e. 
regular in the half plane Im[m]≤0).  The problem of 
generalized decomposition is mathematical founded 
since it can be  reduced to a Fredholm  integral equation 
of second kind [8]:                                                      (27) 
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where γ1 runs on the real axis η’ leaving above the 
singular point η. Of course the classic case m[η]=η  
yields  the explicit Cauchy expression: 
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-  Generalized factorization 
The generalized factorization problem of the kernel G(η) 
is  defined by the factorization:  
G(η) = G-(m)G+(η)                                              (27) 
where the factors G+(η) and G-(m) (and their inverses) 
are respectively a plus function in  the η plane and a 
minus function in  the m plane.  
As in the classic case, we can accomplish the 
generalized factorization of a scalar G(η) using the 
concept of logarithmic decomposition: 
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where the functions ψ- (m)  and ψ+(η) follow from the 
generalized decomposition: 
log[G(η)]= ψ- (m) + ψ+(η)                                        (29) 
Taking into account the property: 

)()()()( ηψψηψψ +−+− =+ eee mm                              (30) 
we obtain the generalized factorized matrices in the 
form: 
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The generalized (and classic)  matrix factorization 
problem  is instead considerable more difficult. In [8a] 
several particular techniques are considered that apply 
the same expedients used for  the classic factorization 
problems . For instance we are able to factorize (in the 
generalized  sense) rational matrices of η. Having in 
mind Pade’ representations of arbitrary matrices this 
generalized factorization  is very important.   
 
-   Solution of generalized W-H equations  
The solution of generalized W-H equations can be 
obtained according to  the same procedure used for the  
solution of classic  W-H equations.  
First the generalized factorization  of G(η) leads to the 
following equation:  
(G-(m)-1Fi(η)=G+(η) F+(η)-G-(m)-1F-(m) 
Now decomposing  the first member 
G-(m)-1Fi(η)= S+(η)+ S-(m) 
yields : 
0=S+(η) - G+(η) F+(η) + S-(m)+(G-(m))-1F-(m)  

The previous equation can be interpreted as a 
generalized decomposition problems. Since the function 
to be decomposed is 0, the integral  equation (27) is 
homogeneous. Taking into account that  the decomposed 
functions are vanishing at infinite, the solution of the 
homogeneous integral equation is zero  and 
consequently both the decomposed functions must 
vanish. It yields the solutions:         

 F+(η) = (G+(η))-1 S+(η),     F-(m)=- G-(m)S-(m)  (32) 



 

 
 
B .Formulation of the Maluyzhinets problem in terms of 

generalized W-H equations. 

The generalized W-H  formulation for wedge problems 
needs the introduction of oblique Cartesian coordinates. 
For comparing with the rotating waves results, we 
consider again the Fig.3. In the region defined by   
0≤ϕ≤φ the oblique Cartesian coordinates  are defined by  
X and Y (Fig.3):   
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 With these  coordinates the wave equation becomes 
[8a]:                                  
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Starting by this equation we may generalize the 
procedure used in [11] for deducing Wiener-Hopf 
equation for right wedges. This procedure is long and 
difficult. It requires physical and mathematical tools 
such that equivalence principles and  characteristic 
Greens function procedures [1]. It has been 
accomplished in [8a] and yields  the following functional 
equation:                                                                     (35) 
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are the Laplace transforms considered before (eq.s (2) 
and (5). 
Following the same procedure for the region   - φ≤ϕ≤0, 
yields:                                                                        (38) 
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By imposing the boundary conditions (12), Eq.s (35) and 
(38) yield the generalized W-H equation: 
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where the matrix M(η) is given by: 
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For PEC wedges (Z±=0) the vector problems simplify to 
the scalar generalized W-H equation: 
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We will solve this equation after some considerations of 
the mapping  η=k cos(w+π) that relates the spectral 
variable η used in W-H techniques with the complex 
angular w used in the the Sommerfeld-Malyuzhinets,-
rotating waves domain. 
  

C. The mapping η= k cos(w+π) 
 
There are two reasons for introducing the mapping: 
η= k cos(w+a)                                                            (41)  
The first is related to the comparison between the W-H 
and the rotating waves results.  The second is for 
facilitating  function –theoretic manipulations that may 
be obscure  in the η-plane. 
For reasons explained later, the parameter a will be 
assumed always π . 
A complete study of this mapping is reported in [8a].  
Firstly the concept of proper sheet and proper solution 
must be adequately considered. The two branches of ξ 
correspond to the two sheets of the η-plane cut by the 
branch lines relevant to the branch points ±k. The points 
η of the  proper sheet arisen from the choose indicated 
by eq.(36) (this is a compulsory choice dictated by the 
physical existence of the Green function). It follows 
Im[ξ]<0 in all the real axis of the proper sheet. We call  
proper solution of (39), that  obtained  in the  proper 
sheet. The proper solutions V+(η) and I+(η)  are plus 
functions too. It means that they have only the branch 
line η=+k. For instance if we cut the branch line 
corresponding to η=-k, the variable ξ changes of sign 
with  discontinuity,, but the plus functions hold 
continuous.  
Given η, the inverse of mapping (41) introduces infinite 
values of w. The principal value corresponds to the 
principal value of the Arcos[x]. In the following we  
refer always to  principal values.  
With this mapping (41) both the proper and improper 
sheets of the η-plane lie down the w-plane. For instance 
we can observe that the segment of the w-real axis 
defined by:    -π≤ w≤ 0  is  the   image  of  the    segment    
(–k,k) belonging  to the proper sheet whereas  the 
segment of the real axis defined by -2π≤ w≤ -π is the 
image of the segment ( –k,k) belonging  to the improper 
sheet. It be should also observed that on the images of 
the proper sheet: 
ξ=-k sin w                                                                   (42) 
Since all the w-plane is image of the proper, of the 
improper and of other infinite sheets arising from the 
inverse of the mapping  (41), we must be very careful 
when we will rewrite in the η-plane equations that have 
been  obtained in the w-plane,. For example to deduce 
the eq. (38) and (35) from the rotating waves theory,  we 
can use the equations that relate the rotating waves with 
the Laplace transforms: 
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However the necessity to deal the proper branch of ξ  in 
the η-plane  makes valid these equations only on the 
images w of the  proper sheet. It means that  for ϕ=φ , 
we can use only the second equation, whereas   for ϕ=-φ,  
we can use only the first equation.  It follows : 
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Eq.s (44) are exactly the eq.s (38) and (35). Starting with 
them , we can show the complete equivalence of the eq.s 
(39) and the eq.s (13,14) [8a]. 
Conversely  we cannot assume for  all the points of the 
w-plane,  properties that are valid only for the  images of  
the proper sheet. For instance the function ξ in the w-
plane is expressed by:   

 wkwkk sin)cos1( 2222 −=−=−= ηξ  
At the same time, it looks an even function of w (second 
member) and an odd function of w (third member) . The 
reason of this paradox is due to the fact  that the second 
member  is  valid only for values of w that are  images of 
proper sheet.  Changing w in –w we instead go into the 
improper sheet . Of course it turns  very useful deal 
functions of w defined in all the w-plane. We can always 
do it through analytical continuation. However we must 
remember that for arbitrary  values of w,  the analytical 
continuation may involve improper value di ξ.  
It should be remarked  that the  W-H equations 
reformulated in the w-plane may yield difference 
equations. The procedure for doing it is based on the 
elimination of the minus (or alternatively the plus) 
functions through the introduction of a further mapping 
between complex planes. It may be very involved and it 
is described in [8a]. The decomposition-factorization 
and the solution of difference equation constitute then 
two different aspects for  solving  diffraction problem in 
angular regions.  
However whereas the decomposition-factorization 
constitutes a closed  mathematical problem, difference 
equations instead  generally involve many solutions. 
Additional conditions must be taken into account for 
obtaining the real one. For instance if these equations 
involve rotating waves or Sommerfeld functions we 
must consider solutions of the difference equations 
regular  in suitable strips of  the w-plane (fig.2).  
The plus and then minus functions instead have more 
stringent properties in the w-plane. For instance when  
we are dealing solutions of eq .(39),  the mapping (41) 
carried out on plus functions of η yields  function of w 

that are even and regular in w=0. Conversely w-even 
functions regular for w=0, corresponds to plus functions 
in the  η-plane [8a]. 
This property justifies since we choose a=π. Other 
choices  of the parameter a yield properties of plus-
functions less convenient in the w-plane. 
Minus function may be considered as plus function 
evaluate in: -η. Consequently their images in the w-
plane have the property of being invariant when we 
change w  with  -2 π-w.   
When there are more solutions of the difference 
equations relevant to plus or minus functions, we must 
ascertain those satisfying the previous conditions (and 
eventually other regularity properties) and  to discard the 
others. 
 
 

D. Solution of the PEC wedge problem. 
 

For solving the generalized W-H equation (40) we first  
consider the generalized factorization of   
 

)()(22 ηηξ +−=−= gmgk         (45) 
 
Instead to use the general technique of factorization, it is 
more convenient to reduce this problem to a difference 
equation problem. To this end we can eliminate the 
minus function by introducing the mapping : 
α= sin φ η +  cos φ ξ,   η= sin φ α - cos φ τ    (46) 
with this mapping: 

22 α−= km  =τ , ξ= cos φ α + sin φ τ   (47) 
and eq.(45)   becomes: 
 
cos φ α + sin φ τ= g-(τ)g+( sin φ α - cos φ τ)     
Changing α with -α yields: 
-cos φ α + sin φ τ= g-(τ)g+( -sin φ α - cos φ τ) 
Elimination of the functions g-(τ) yields  to the following 
difference equation: 
X(w+4φ)- X(w)=0                                                     (48) 
where: 
g+(k cos (w+π)= X(w) sin w                                       (49)                       
  
The most general solution  of (48) is  periodic function 
of 4φ. Since the logarithmic derivative of g+(η)  is a plus 
function, g+(-kcosw) must be even in w and not 
vanishing in w=0.  Taking into account also  the 
asymptotic behavior of  g+(η)  the only acceptable 
periodic function is  (n=2φ/π): 
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It  is convenient separate  in     the   functions: I+(-m,φ) 
and I+(-m,-φ), the diffracted (subscript d) and the optics 
geometrical (subscript g) fields: 
 I+(-m,φ)= I+

d
 (-m,φ)+ I+

g
 (-m,φ),                     

I+(-m,-φ)= I+
d

 (-m,-φ)+ I+
g

 (-m,-φ)                       (51)       
In the following we consider the case (fig.3) ϕo > π/2.  It 
means that the face ϕ=-φ is in the shadow region:  
I+

g
 (-m,-φ)=0.  

On the illuminated face ϕ=-φ instead there is the incident 
plus the reflected field yielding: 
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with Eo intensity of the incident wave plane. 
Further applying  W-H technique requires the 
generalized decomposition of: 
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Again using the mapping  (47) eliminates the minus 
function S-(m) and yields the difference equation: 
Y(w+2φ)-Y(w)=0                                                       (54) 
with  
Y(w)= S+(kcos (w+π)) 
It is readily seen that Y(w) must be have a pole in wo=ϕo 
with residue: 
RY(wo) =
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12
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 The most general solution  of (54) is a periodic function 
of 2φ. Taking into account the asymptotic behavior of  
S+(η),  this evenness in the w-plane and the presence of 
the singularity wo=ϕo the only acceptable periodic 
function is: 
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where R = -(2/n) sin(2ϕo/n)  RY(wo)  
It yields the solution: 
 

nkn

kR
k

knV
022 2cos)]arccos((2cos[

)]arccos(1sin[

2
)( ϕηπη

η
µωη

−+−−

−
−=+

 
It has been verified that V+(η) is a plus functions and 
coincides exactly with the expression obtained with the 
rotating waves (eq.15 with Z±=0) 
 

E. Solution of the Malyuzhinets problems 
 
The procedure followed for the scalar case can be used 
for the vector case (eq.39), too. The generalized 

factorization of M(η) involve vector difference 
equations in even  functions of w.   For the Malyuzhinets 
problem, the system can be reduced to a first order 
difference equation and it allows the use of the the  
Malyuzhinets procedure for solving difference equation.  
However it is more interesting to solve the vector 
problems  by a direct generalized factorization of  the 
matrix M(η).  We remark that by this way, the general 
problem of decouple vector difference equations (see the 
recent improvement [13]) is reduced to a matrix 
generalized factorization.  
Generalized  matrix  factorization have been obtained by 
this author for the following cases: a)rational  matrices, 
b) matrix commuting with monic polynomial matrices 
[8a]. In the Malyuzhinets problem we are dealing with 
matrices commuting with arbitrary polynomial matrices. 
Unfortunately we were not able to generalize the method 
ideated  for  the classic factorization of these matrices 
[14]. 
However in the next section we will show that with the  
mapping m(η) defined by eq.(36), the vector W-H 
generalized equations can be reduced to a classic 
Wiener-Hopf equations.   

 
F Equivalence of generalized and classic W-H equations 

in wedge problems. 
 
The difficult problem of the generalized factorization of 
the matrix M(η) may be overcame by introducing a map  

)(ηηη = that reduces the generalized W-H equations 
to classic W-H equations. For    m(η) defined by (36), it 
may be accomplished by observing that in the w-plane 
eq. (39) has the form: 
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 The definitions of  X+ and Y+ and the eq.(56) assure that 
)(wX +  and )(wY+  are even also in w . 

Consequently in the plane η  defined by: 
wk cos−=η ,                                                       (58) 

they are plus functions.  
It yields  a classic W-H equation in the η -plane: 

))(())(())(( ηηη −= ++ wYwXwG                          (59) 



 

Expressions of the matrix )(~ ηG are very involved. We 
were not able to perform their classic matrix 
factorization in general. However for right wedges and 
half-planes, these matrices do commute with matrix 
polynomial of  η  and they may be explicitly factorized  
[14].     
  
 
 

IV. Conclusions 
 

We have seen two different approaches for facing field 
problems in angular regions, The first (Sommerfeld-
Malyuzhinets-Rotating waves) is based on the 
introduction of the w-plane.  The second (W-H classic or 
generalized) is based on the introduction of  the η-plane. 
The first leads to solution of difference equations. The 
second to the decomposition-factorization problem. 
Even if they are ambiguous, the  difference equations 
may be solved by technique considerable more simple of 
those required for factorize or decompose matrix 
functions.  
 However  this author  claims the importance of the 
generalized Wiener-Hopf technique for the following 
reasons: 
- Working also on arbitrary angular regions, the W-H 
technique no doubt constitutes the most general methods 
for solving discontinuity problem.  
- The theory of the factorization is better mathematically 
founded of the theory of  the  difference equations. This 
aspect is important  when no closed  solutions of the 
difference equations are possible and approximate 
techniques  become necessary. To this author opinion 
approximate factorizations face better these problems.  
- Using different media in angular regions yields to 
functional equations in the η- domain that can be 
classified as modified generalized W-H equations. The 
same occurs when are dealing anisotropic or general 
linear media in angular regions.  The solutions of the 
dominant part of these equations can be obtained by 
factorization techniques [15]. Even if in the past, 
methods have been ideated for penetrable problems or 
general linear media also in the w-domain [12,16] , in 
this’ author opinion, these problems remain better  
studied in the η-domain.  
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