Vector field, phase plane, phase portrait

1.2.1 Trajectories and Equilibria (Seydel, Practical Bifurcation and Stability Analysis,
p.6-7)

Many kinds of qualitative changes can be described by systems of ordinary differential
equations (ODESs). In this section some elementary facts are recalled and notation is
introduced; compare also Appendix A.3.

Suppose the state of the system is described by functions x;(t) and x,(t). These state
variables may represent, for example, the position and velocity of a particle,
concentrations of two substances, or electric potentials. The independent variable t is
often “time.” Let the physical (or chemical, etc.) law that governs x(t) and x,(t) be
represented by two ordinary differential equations

T, = Ji(x17x2)’

jjz = fz(xl’xz)'
In vector notation equation (1.1) can be written as x = f(x). This system is called
autonomous, because the functions f; and f, do not depend explicitly on the independent
variable t. As illustrated in Figure 1.4, solutions xi(t) and x,(t) of this two-dimensiona.l
system form a set of trajectories (flow lines, orbits) densely covering part or all of the (x;,
x2) plane. A figure like Figure 1.4 depicting selected trajectories is called a phase
diagram; the (x; x) plane is the phase plane. A specific trajectory is selected by
requesting that it pass through_a prescribed point (z;,2,) of initial values

zl(t()) = Zl’ xQ(t(]) = Z2
Because the system is autonomous, we can take t, = O. Imagine a tiny particle floating

over the (x;, x2) plane, the tangent of its path being given by the differential equations.
After time t; has elapsed, the particle will be at the point

(2, (t,),2,(t,))

(see Figure 1.4). The set of all trajectories that start from some part of the x plane is
called the flow from that part.

(1.1)
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Of special interest are equilibrium points (xl y L, ) which are defined by

i =0, i =0

In equilibrium points, the system is at rest; equilibrium solutions are constant solutions.
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These points (371 3 372> are also called stationary solutions, and seldom singular points,

critical points, rest points, or fixed points. Stationary points are solutions of the system of
equations given by the right-hand side f of the differential equation,

f(z),2,) =0
Hz,2,) =0
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FIGURE 1.4. Trajectories in a phase plane.

In vector notation, this system of equations is written as f(x°) = 0, which defines
stationary solutions x°. For a practical evaluation of stationary points in two dimensions,
we observe that each of these two equations defines a curve named null cline. Hence,
stationary solutions are intersections of null clines. This suggests starting with drawing
the null clines in a phase plane. In this way, not only the equilibria are obtained, but also
some information on the global behavior of the trajectories. Recall that trajectories
intersect the null cline defined by fi(x; , x2) = 0 vertically and intersect the null cline of
fa(X1 , X2) = 0 horizontally.



(Khalil, p. 24 -28)

1.2 Second-Order Systems

Second-order autonomous systems occupy an important place in the study
of nonlinear systems because solution trajectories can be represented by
curves in the plane. This allows easy visualization of the qualitative behav-
ior of the system. The purpose of this section is to use second-order systems
to introduce, in an elementary context, some of the basic ideas of nonlinear
systems. In particular, we shall look at the behavior of a nonlinear system
near equilibrium points and the phenomenon of nonlinear oscillation.

A second-order autonomous system is represented by two scalar differ-
ential equations:

1 = filz,z2) (1.5)
g2 = falzy,22) (1.6)

where fi(-,+) and fo(-,-) are maps from R? into R. Let z(t) = (z(t), z2(t))
be the solution® of (1.5)-(1.6) that starts at a certain initial state zp =
(T10,T20); that is, £(0) = zg. The solution z(t) is a map from the real
numbers R into B2. The locus in the z,-x» plane of the solution z(t) for

41t is assumed that there is a unique solution.















