
   
 

 
Qualitative behaviour of nonlinear systems 

(from Strogatz, Nonlinear dynamics and chaos, Perseus Books, Cambridge, Ma, 1994, Ch. 6) 
 
 

Let us consider a simple second-order autonomous nonlinear system 
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First, we  will classify the kinds of fixed points that can arise, using our knowledge of 
linear systems, then we will try to determine the qualitative behaviour of the solutions, by 
finding  the qualitative system phase portrait directly from the properties of f(x).  
 
Linearization around a fixed point 
 

 
 

 



 
 
 

 

 

 

 
 
 
 
 
 
 
 
 



 
 
 
 
 

 
 

 
 
 
 



 
 
 

 

 

 
 



 
 
 

 

 

 

 

 

 



 
 
Some definitions 
 

- Hyperbolic fixed points 

 
 
- Structural stability 

 
 
- Nullclines 
Nullclines are the curves where either dx1/dt = 0 or dx2/dt = 0. They indicate where the flow is 
purely horizontal or vertical. Their intersections are the fixed points of the system. 
 
- Basin of attraction 
Given an attracting fixed point x* , we define its basin of attraction to be the set of 
initial conditions x0 such that x(t) → x* as t → ∞ . 
 
- Stable (unstable) manifold of a saddle  
Given a saddle point x*, its stable manifold is  defined as the set of initial conditions 
x0 such that x(t) → x* as t → ∞. Likewise, the unstable manifold of x* is the set of 
initial conditions x0 such that x(t) → x* as t → – ∞ . 



 
 
Example: Lotka-Volterra model of competition 
 

 
A model (known as Lotka-Volterra model) is the following 
 

 
 

 

 

 
 
 
 
 
 
 
 
 



 
 
 
 
 

 

 

 
 
 
 



 
 

 

 

 

 

 

 
 



 
 
 

 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 


