Memristor — The Missing Circuit Element

M ermristive syetams

Figure 1| The four fundamental two-terminal circuit elements: resistor,
capacitor, inductor and memristor. Resistors and memristors are subsets of
amore general class of dynamical devices, memristive systems. Mote that R,
, L and M can be functions of the independent variable in their defining
equations, yielding nonlinear elements, For example, a charge-controlled
memristor is defined by a single-valued function Mig).
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» Basic definition of a memristor (Chua, 1971)
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Fig. 2. The symbol used for a memristor and a generic (flux-controlled)
characteristic

Note that the flux ¢(t) associated with a two-terminal element at
any time t is defined by

ot) = [ w(ryir

without any implication with magnetic field.

If the implicit equation above can be put in the explicit form

¢ = f(q)

then we get the constitutive equation of a charge-controlled
memristor. In this case we have

dp = M(q)dq, where M(q) = Z—f
q
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The voltage across a charge-controlled memristor is given by

-

_de df dqg .
o) =7 = 5 oL = M)

dqg .
— =
L dt ()

At any time ty, M depends on ((tp), i.e. on the time integral of
the memristor current

and, hence, it depends on the complete past history of the
memristor current. This observation justifies the choice of the
name memory resistor, or memristor.

Finally, note that there is no point introducing a linear memristor
in linear network theory. In fact, in this case we would have

d—f = M = const
dq

and, hence, the memristor would reduce to a linear resistor

o(t) = Mi(t)
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» General memristive one-port (Chua, Kang, 1976)

General expression for a current-controlled memristive one-port
(Chua, Kang, 1976).

where w denotes the state of the system.
Note that the output v is zero whenever the input ¢ is zero,

regardless of the state w, which incorporates the memory effect.
Main properties:

1) Passivity criterion
2) No energy discharge property
3) DC characteristics

4) Double-valued Lissajous figure property:

A current-controlled memristive one-port under periodic
operation with i(t) = | cos(«t) always gives rise to a wv-i

Lissajous figure whose voltage v is at most a double-valued
function of 1.

Proof: In the representation above, the state equation has a unique periodic solution
a:(t) for all t 2 1, for some initial state x;, , by assumption. Hence, for any value of the

current i € [-| N ], there correspond at most two distinct values of .
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(a) (b}

Fig. 5. lllustration of property 4. (a) Possible Lissajous figure. (b) Im-
possible Lissajous figure.

Remark.: This property is illustrated in Fig. 5. Observe that
the Lissajous figure in Fig. 5(b) cannot correspond to that of a
current-controlled memristive one-port, because at i = ip, there
correspond more than two distinct values of v.
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» The physical circuit

How Memristance Works
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THE CROSSBAR ARCHITECTURE: The crossbar
architecture is a fully connected mesh of perpendicular wires.
Any two crossing wires are connected by a switch, To close the
switch, a positive voltage is applied across the two wires to be
connected. To open the switch, the voltape isreversed,

40-50 nanometer platinum
wire (2-3 nm thick)

—_—

o
40-50 nm perpendicular
platinum wire

(2-3nm thick)

N

THE SWITCH: A swilch is a 40-nanometer cube of titanium
dioxide (Ti0,} in two layers: The lower Tid, layer has a perfect 21
axygen-to-titanium ratio, making it an insulator, By contrast, the upper
TiO, layer is missing 0.5 percent of its oxygen (Ti0, ), so x isabout
0.05. The vacancies make the Ti0, , material metallic and conductive.

What makes this switch special—
memristive—is that when the
voltage is turned off, positive or

APPLIED MEMRISTANCE: The oxygen
deficiencies in the Ti0,, manifest as “bubbles”

A negativevoltage on the switch attracts the pos-
itively charped cxygen bubbles, pulling them out

negative, the oxygen bubbles
do not migrate. They stay where

of oxygen vacancies scattered throughout the of the Ti0,. The amount of insulating, resistive they are, which means that the
upper layer. A positive voltage on the switch Ti0, increases, thereby making the switchasa boundary between the two
repels the (positive) oxygen deficiencies in the whole resistive. The more negative voltage is titanium dioxide layers is frozen,
metallic vpper Ti0,, layer, sending theminto apnlied, theless conductive the cube becomes. That is hew the memristor

the insulating TiO, layer below. That causes the “remembers” how much voltage
boundary between the two materials to move was last applied.

down, increasing the percentage of conducting
Tid; , and thus the conductivity of the entire
switch, The more positive voltage is applied, the
more conductive the cube becomes.
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= The model

The application of an external bias v(r) across the device will move
the boundary between the two regions by causing the charged
dopants to drift*®. For the simplest case of ohmic electronic conduc-
tion and linear ionic drift in a uniform field with average ion mobility

Undoped

Iy, we obtain

Undoped: [_ [_
. wil) wi )
~I:I— ) YW= A 1’ff]=(R~UN— R{)EP(l—l_.J))fff] (3)
Doped:
AAAA dwit) & .
—E = ®,, rramiat —i(1) 6)
which yields the following formula fm‘ wit):
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By inserting equation (7) into equation (5) we obtain the memri-
stance of this system, which for Ry Ropr simplifies to:

R(q) = MffI]=R~0FF( v Ron ft]) ()
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The g-dependent term in parentheses on the right-hand side of this
equation is the crucial contribution to the memristance, and it

ol becomes larger in absolute value for higher dopant mobilities &,
00 01 °'2Tlm:§103]°'4 05 06 and smaller semiconductor film thicknesses D. For any material, this
term is 1,000,000 times larger in absolute value at the nanometre scale
than it is at the micrometre scale, because of the factor of 1/1*, and
the memristance is correspondingly more significant. Thus, memri-
stance becomes more important for understanding the electronic

characteristics of any device as the critical dimensions shrink to the
nanometre scale.
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If R, <R, theterm R’ /R, can be disregarded and hence:

. ) R
u(t) = R(q)i(t) with R(q)= M(q)=R,,.|1—p, 5;‘7 q
d_
dt
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