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Van der Pol oscillator 
 

 
Source: Philips Company Archives 

Balthasar Van der Pol was born on 27 January 1889, at Utrecht, Holland. He studied experimental physics with J. 
A. Fleming and Sir J. J. Thompson in England, and was to H. A. Lorentz in the Conservator Physical Laboratory, 
Holland. He received his Doctor of Physics degree from Utrecht in 1920.  

Van der Pol initiated modern experimental dynamics in the laboratory during the 1920's and 1930's. He 
investigated electrical circuits employing vacuum tubes and found that they have stable oscillations, now called 
limit cycles. When these circuits are driven with a signal whose frequency is near that of the limit cycle, the 
resulting periodic response shifts its frequency to that of the driving signal. That is to say, the circuit becomes 
"entrained" to the driving signal. The waveform, or signal shape, however, can be quite complicated and contain a 
rich structure of harmonics and subharmonics.  

In the September 1927 issue of the British journal Nature, Van der Pol and his colleague van der Mark reported 
that an "irregular noise" was heard at certain driving frequencies between the natural entrainment frequencies. By 
reconstructing his electronic tube circuit, we now know that they had discovered deterministic chaos. Their paper is 
probably one of the first experimental reports of chaos -something that they failed to pursue in more detail.  

Van der Pol built a number of electronic circuit models of the human heart to study the range of stability of heart 
dynamics. His investigations with adding an external driving signal were analogous to the situation in which a real 
heart is driven by a pacemaker. He was interested in finding out, using his entrainment work, how to stabilize a 
heart's irregular beating or "arrhythmias".  

Van der Pol was one of the founders, and for many years president, of "Het Nederlandsch Radiogenootschap," 
and member of the Union Internationale de Radio Diffusion, and he Union Radio Scientifique Internationale. He 
joined the Institute of Radio Engineers in 1920, and became a Fellow in 1929. He received the IRE Medal of Honor 
in 1935 "For his fundamental studies and contributions in the field of circuit theory and electromagnetic wave 
propagation phenomena." Van der Pol passed away in 1959. 

 



 
 

 
Note: Historically, Eq. (2) is known as  Van der Pol equation. It is equivalent to the 
following coupled first order differential equations: 
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For the meaning of the state variables, see later in this report. 

 



State equations of the Van der Pol oscillator  

 
Figure 1 Van der Pol oscillator:  (a) circuit; (b) characteristic of resistor NR 

 
Assuming that  
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the state equations of  the Van der Pol oscillator shown in Fig. 1 become: 
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To keep the independent parameters to a minimum, let us introduce the following 
scaled time variable: 
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Observe that  

 dt LCd  
   
Substituting into the state equations above, we obtain the following equivalent 
state equations in terms of the dimensionless time τ 
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 Remark: 

 

Relationship between Eq. (1) and the “classical” 2nd-order Van del Pol 
equation 

The state equations (1) lead to the classical 2nd-order Van der Pol differential 
equation. To this end, let us derive the second equation of (1) with respect to τ 
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Using the first equation of (1) it follows that  1C
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   and hence: 
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By changing iL to x  and τ to t, we get : 
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In the literature, eq. (5) is usually referred to as the Van der Pol equation  and 
coincides with that reported at the beginning of p. 2 of this report.  
Coming back to the electrical circuit, x(t) represents the evolution of the inductor 
current iL as a function of the normalized time t LC  .



 
Poincaré-Bendixson theorem 

 

 
 
 



 
 

 



 
Lienard’s theorem 
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