
Bifurcations in second-order nonlinear systems 
(from Strogatz, Nonlinear dynamics and chaos, Perseus Books, Cambridge, Ma, 1994, Ch. 8) 

 

 
 

 

 

 

 
 
 
 



 
 

 

 
 

 
Consider the following example, derived from a model of a genetic control system.  
 

 
The constants  a and b are supposed to be positive; while a may vary, b is kept fixed. 

 
The problem can be faced in a geometric way, by drawing the two nullclines  y = ax and 
by = x2 / (1 + x2) 
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Note that, with a at the bifurcation value 1/2b, the fixed point is x* = 1. 
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At x* = 0, the eigenvalues are both negative, hence the origin is always a stable node. 
In the two other fixed points (a < ac), the eigenvalues are given by (using Eq. 2): 
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Hence, at the middle fixed point, which has 0 < x* <1, we have two real eigenvalues of 
opposite sign. Therefore, this fixed point  is a saddle point.  
The other fixed point has always x* > 1 and hence is always a stable node. 
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